Abstract. To prove that a number n is composite, it suffices to exhibit the working for the multiplication of a pair of factors. This working, represented as a, string, is of length bounded by a polynomial in log n. We show that the same property holds for the primes.
1. Proofs. We know of no efficient method that will reliably tell whether a given number is prime or composite. By "efficient", we mean a method for which the time is at most a polynomial in the length of the number written in positional notation. Thus the cost of testing primes and composites is very high. In contrast, the cost of selling composites (persuading a potential customer that you have one) is very low--in every case, one multiplication suffices. The only catch is that the salesman may need to work overtime to prepare his short sales pitch; the effort is nevertheless rewarded when there are many customers.
At a meeting of the American Mathematical Society in 1903, Frank Cole used this property of composites to add dramatic impact to the presentation of his paper. His result was that 267 1 was composite, contradicting a two-centuriesold conjecture of Mersenne. Although it had taken Cole "three years of Sundays" to find the factors, once he had done so he could, in a few minutes and without uttering a word, convince a large audience of his result simply by writing down the arithmetic for evaluating 267
and 193707721 x 761838257287.
We now show that the primes are to a lesser extent similarly blessed; one may certify p with a proof of at most [4 log2 p] lines, in a system each of whose inference rules are readily applied in time O(log 3 p). The method is based on the Lucas-Lehmer heuristic (Lehmer (1927) ) for testing primeness.
In the system to be described, theorems take one of two forms: (i) "p", asserting.that p is prime, or (ii) "(p, x, a)", asserting that we are making progress towards establishing that p is a prime and that x is a primitive root (mod p); a is a progress indicator * Received by the editors May 24, 1974. (47, 5, 46) To eliminate the recursion and attendant waste of space, we translate this algorithm into a "deterministic" system whose rules are (u, v, (Sch6nhage and Strassen, (1971) ), and so O(log 3 p log log p) steps suffice to check a proof of p on a RAM. (A factor of log log log p creeps in for those who do the arithmetic on paper (or on a Turing machine) due to time spent scanning and shuffling the sheets !) An item that might find a market among consumers of prime numbers would be a pocket calculator with a predicate (x, b, p) that evaluates x tp-1)/b 1 (mod p). Only one bit of output is required, only integer arithmetic (multiple-precision) is used, and so the unit should cost about $100 in quantity at today's prices, assuming that it handles integers of up to several hundred bits. Users of the Hewlett Packard HP-65 pocket computer with the appropriate program may find it suitable but expensive. A proof using our method of, say, the smallest Mersenne prime yet undiscovered would require a considerably more expensive unit, with perhaps 30,000-bit integers and sufficient parallelism to make the computation time acceptably low.
5. Complexity. The families NP (P) of sets of strings accepted (recognized) in time some polynomial function of their length by some nondeterministic (deterministic) Turing machine 2 have recently engaged the attention of computatational complexity theorists. The family P is of interest in that it includes all sets that can be recognized reasonably quickly, a property that has become identified to some extent with membership in P. The family NP is of interest (Cook (1971) , Karp (1972) An immediate corollary of 4 above is that the primes are in NP f') coNP. Provided NP 4: coNP, this settles in the negative a question raised by Cook as to whether the composites are NP-complete. Conjecture aside, it gives us the first known member of NP f-) coNP not known to be in P. Chvatal has recently exhibited another set with this property, namely the set of pairs (linear programming problem, optimal solution to it). No other such sets are known, although a plausible candidate is the set of irreducible univariate polynomials over the integers. Berlekamp (1967) has shown that over any finite field such a set is in P. A somewhat less plausible candidate is the set of pairs of isomorphic graphs.
If the primes or the optimal-lp-solutions are not in P, it will not be because they are NP-complete (still supposing NP -coNP) which is the usual reason. One might therefore say that these problems were anomalously hard, although any term for this phenomenon lacks the all-or-nothing significance of "NPcompleteness". The whole question of proving lower bounds on the complexity of sets in NP is completely open, and any information about the structure of hard problems would be welcome. In particular, the criterion that membership in NP f') coNP precludes NP-completeness, though based only on a conjecture, is nonetheless a useful guide considering how few tools we have in the area.
6. Conclusion. We exhibited a simple system whose theorems are exactly the set of all primes and whose proofs are very short. We inferred from this that the primes are in NP coNP, giving us our first example of a member ofNP coNP not known to be in P. We advocated membership in NP f'l coNP as a strong That is, for each such set there is a polynomial and a Turing machine.
reason for presuming non-NP-completeness, based on the plausible and moderately popular conjecture that NP :/: coNP. We observed the striking paucity of sets that are candidates for lying between P and NP-complete sets. It is interesting to find the number theorists' most famous set occupying a special position in complexity theory.
